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Abstract

Ordinary Di↵erential Equations (ODEs) gain a growing interest as a tool for modeling gene expression
dynamics [24], yet a typical limitation of 2 to 8 time
samples per time course [29] is still a barrier for a wide
use in practical applications [2]. This limitation also
leads to formulation of phenomenological models like
linear models [4], Standardized Qualitative Dynamical
Systems (SQUAD) models [20], or nonlinear basis
functions models [8] with a small number of biologically
irrelevant parameters rather than using mathematical constructs based on molecular kinetics like in SSystems [23] or Hill-function kinetics based models [15].
Moreover, a wide range of proposed ODE structures for
modeling transcriptome activity makes the choice of an
appropriate mathematical representation challenging
due to a lack of specific requirements for experimental
data in the corresponding papers.
A number of studies have successfully applied ODEs
to model transcriptome dynamics given a sufficient
amount of information in terms of gene regulatory
network graph and/or the results of various types
of experiments which complemented the time course
data [9, 4, 31]. Despite the findings facilitated by
such modeling and the potential of building on previous results by collecting additional data, the cases of
gradual model evolution are rather an exception than a
rule. One such exception is the circadian clock e↵ect
in plants, which has been the subject of a number
of ODE models [19, 18], continuously improved over
time by the addition of new feedback loops [17], posttranscriptional and post-translational regulation [25],
and mutant expression data [26]. In each case the
addition of new data allowed for greater descriptive and
predictive power [3]. However, each iteration required a
reformulation of the previous model structure to incorporate new experimental results, making the process of
model improvement long and not intuitive.
In this paper, we propose a methodology for dynamic
model building which allows for a gradual increase
in model complexity when new experimental data
become available. In Section 2 we summarize the
commonly used ODE structures into levels of mathematical complexity where each new level extends the

The evolving field of biological experimentation allows for the collection of various types of data describing
di↵erent aspects of gene regulation inside a living
cell. However, most of the gene expression dynamic
modeling approaches limit their choice of data to a
time course, which leads to infeasible requirements on
the number of sampling time points to estimate the
multitude of biologically relevant parameters. Thus,
the model scope and parameter identifiability have to be
sacrificed to approximate transciptome dynamics based
on a typical number of time course samples. In this
paper, we propose a scalable framework for building
a model of transcriptome dynamics by aggregating a
collection of experimental data available and suggest
the types of additional experimentation to supplement
the time course efficiently. The described approach is
capable of increasing model descriptive and predictive
power when additional data become available.
keywords: Gene Expression, Mathematical Modeling,
Model Selection, Experimental Design, Nonlinear Dynamics, ODEs.

1

Introduction

Living organisms develop and respond to stimuli
through a set of regulations on a molecular level.
The regulation rules are hard-written in a genome
and implemented through the action of transcription
factors which modulate gene activity according to a
given condition. Various types of experiments are
performed to gain insight into that machinery to modify
organisms in novel and strategic ways. Transcriptome
abundance measurements are a widely utilized technique to estimate the change of gene activity over
time or under a condition of interest. Methods of
various complexity have been used to analyze the
transcriptome (gene expression) data [24, 13]. Out
of those methods the systems of Ordinary Di↵erential
Equations (ODEs) present the most descriptive way of
representing transcriptome dynamics over time within
a cell.
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previous one based on additional data and propose the
types of experiments allowing for an efficient transition
between the levels. In Section 3 we propose criteria
for data sufficiency at a given level of model complexity and an algorithm for aggregating the available
experimental datasets. Thus, the resulting model will
represent the outcomes of relevant experiments in a
set of uniquely identifiable parameters, provide insights
into transcriptome properties if the parameters are
biologically relevant, and allow for gene expression
predictions in a wide range of conditions combinations.

2
2.1

as follows:
dx
= af1 (x1 )f2 (x2 ) · · · fR (xR )
dt

Basic Model

Gene expression can be thought of as a balance
between the rate of gene transcription and the rate of
the corresponding mRNA degradation. Assuming both
rates constant at a steady state, one can model gene
expression dynamics with the following ODE:
bx,

(1)

where x represents gene expression, a represents the
transcription rate (a > 0), and b represents the
mRNA decay rate (b > 0). With a steady state
assumption (i.e. dx/dt = 0) only one gene expression
measurement xss would suffice to initiate the model
building process and estimate the ratio of the rates at
a steady state (a/b = xss ).
Resolving between a and b requires additional experimentation. Time course data, the most common source
of information in modeling approaches, can be used
for this purpose if it captures a sufficient amount of
gene expression dynamics. This scenario is rarely the
case due to the typical sparseness of biological data.
Zak et. al. proposed solving this problem by measuring
the decay rate separately [35]. Barenco et. al. obtained
direct mRNA decay rate measurements to constrain the
tumor suppressor transcription factor p53 model while
fitting it to the time course data [1]. Decay rate values
may also be available in the literature [22, 32]. However,
the reported values should be used with caution since
decay rates are known to be condition specific [6].
Moreover, most experimental protocols are invasive and
might heavily a↵ect cellular physiology [21].

2.2

(2)

where a is a scaling coefficient, xr (r = 1, 2, . . . , R)
is the expression of one of R transcription factors
regulating x, and fr (xr ) is the regulator influence
function which is equal to 1 when no regulation occurs,
greater than 1 for activators, and between 0 and 1 for
inhibitors. Influence function parameter estimation is
heavily a↵ected by the ability to di↵erentiate between
regulators’ expression patterns based on sparse and
noisy time course samples. Additional sampling time
points or replicates do not guarantee sufficient resolution improvements. Thus, time course data should be
supplemented with additional information to estimate
the influence coefficients. Experiments where target
expression is measured while regulator expression is
manipulated can reveal this information.
Regulator knock-out mutant experiments [36, 14] can
uniquely define a linear approximation of the influence
function fr (xr ) = 1 + cr xr . If transcription factor xr
is an activator with a measured wild-type expresT
sion xW
, then target gene expression measurements
r
in wild-type (xW T ) and mutant (xMA ) conditions allow
to approximate the regulator-target dependence with a
line (Figure 1A):

Model Formulation

dx
=a
dt

bx,

x = x MA +

x W T x MA
xr ,
T
xW
r

which leads to a constant impact factor cA
r approximation by associating xMA with the scaling coefficient a
and rewriting the dependence in a form of the linear
influence function:
fr(lin)
(xr ) = 1 +
A

x W T x MA
xr .
T x MA
xW
r
|
{z
}
cA
r

However, a linear construct is expected to approximate
the influence in a range that does not extend far
beyond the regulator’s wild type gene expression value.
Otherwise, unrealistically high target expression is
expected in case of activators and negative expression
in case of inhibitors.
Hill-function approximation [7, 15] presents another,
more biologically relevant, way of representing regulator
influence (Figure 1B):

Transcription Factor E↵ect

x = xMA + xmax

Gene regulation in a cell is modulated through the
activity of transcription factors. Assuming that transcription factors a↵ect a common target gene x independently, this modulation can be reflected in Equation (1)

x MA

xlr

xlr
= xMA · fr(hill)
.
A
+ Kl

Here the target expression value under activator’s
influence is bounded. The bound estimate xmax can
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be obtained through overexpression experiments [27] if
the regulator’s overexpression value is at least several
T
fold larger than xW
.
The dissociation constant
r
K can be estimated using knock-out mutant (xMA )
and overexpression (xmax ) experiment values. The
regulator’s protein affinity l can be obtained through
additional experiments, for example, through fluorescence correlation spectroscopy in plants [5]. Hence,
each additional parameter in the regulator influence
function requires an experiment to estimate it.

u(t) = uT

A
Gene expression (x)

condition of interest. An example of such influencing
factor could be a change in a currently unknown
condition induced transcription factor which binds to
the target gene’s promoter. fu (t) takes positive values
and turns into 1 in wild-type conditions. The shape of
fu (t) can be obtained using Gaussian process approximation [10]. Another approach would be to represent
the unknown e↵ect as a continuous shift to a new
condition induced equilibrium:

(lin)
fr

Mutant

= 1 + c r xr
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0
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Additional experiments can help shaping the response
to di↵erent levels of the applied condition if the condition levels are quantifiable and the sigmoid function
is used. In such case the parameters shaping u(t) are
a↵ected by the condition level S. We will concentrate
on the condition dependence of the magnitude parameter uT while the condition dependence of other two
parameters from Equation (4) can be quantified in a
similar fashion.
Wild-type and condition induced gene expression
values allow for a linear approximation through a range
of condition levels, which might, in some cases, be
significantly far from reality. A more reliable approximation can be obtained by sampling gene expression at
intermediate condition levels. However, transcriptome
measurements are resource consuming, so the condition
levels should be chosen in an efficient manner to
produce maximum information with minimum experimentation. If the organism of interest exhibits a

Condition Induced E↵ects

A host of transcriptome research studies are interested in mechanisms governing organism’s response
to a certain condition like biotic or abiotic stress in
plants [12] or pathogen infection in single cells or
animals [9, 34]. Equation (2) would be sufficient in
describing gene expression dynamics over time under
such condition if the full set of regulators is known,
which is almost never the case at the current stage.
Thus, the model has to account for unknown factors:
bx,

=

Figure 2: Sigmoid function approximation of unknown
influencing factors e↵ects. uT – scale coefficient, r –
rate coefficient , and ⌧ – delay coefficient.

Figure 1: Influence function fr (xr ) under (A) Linear
and (B) Hill-function approximation assumptions.
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dx
= afu (t)
fr (xr )
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(4)

where uT represents an impact coefficient (uT > 1),
r quantifies how fast the transition between wild-type
and condition induced steady states occurs (r > 0),
and ⌧ accounts for the transition delay (Figure 2).
Because u(t) turns to 0 when no condition is applied,
an adjustment fu (t) = 1 + u(t) is needed to represent
the unknown regulatory e↵ect function. Parameters
shaping u(t) can be estimated by fitting the model to
time course data under wild-type and the condition of
interest.

I

WT

Mutant

1
,
r
(⌧ /t) + 1

(3)

where R is the number of known regulators, and
fu (t) is a function aggregating the currently unknown
influencing factors which change their activity under a
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quantifiable change in size, shape, or other easily
accessible physiological parameters under the condition
of interest, a faster and less expensive procedure of
phenotyping can be used under a set of intermediate
condition levels (e.g. micronutrient content level or
pathogen load) to judge whether linear approximation
captures the condition e↵ect. Phenotyping results can
also give clues on which condition levels to choose
for the consequent transcriptome measurement experiments. Figure 3 shows a hypothetical example of
selecting the most informative sampling point and the
magnitude response function based on the results of
phenotyping experiments.
u T (Sm )

non wild type measurement at hand. Thus, parameter
non-identifiability indicates a lack of data support for a
given model structure. Several methods such as Di↵erential Algebra Identifiability of Systems (DAISY) [30],
Exact Arithmetic Rank (EAR) [11], and Profile Likelihood (PL) [28] have been used to detect non-identifiable
parameters. Among these methods, PL is the only one
that relies on experimental data in its identifiability
analysis. We propose using the results of PL analysis
for model discrimination when increasing model complexity based on additional data.

3.2

Bayesian inference methods aggregate di↵erent
sources of data by shaping prior distributions
of the corresponding parameters before fitting a
model to the corresponding time course.
Each
experiment that we proposed allows for obtaining
mean and standard deviation estimates for a specific
parameter. An assumption on experimental error
distribution (e.g. Gaussian or Poisson) would allow
to construct the corresponding prior distribution.
The model fitting algorithm will sample parameter
values from the corresponding prior distributions while
minimizing the sum of squared di↵erences between the
time course data and gene expression pattern produced
by the model. Parameter values from the regions that
are far from the experimental measurements are highly
unlikely to be sampled which would ensure that the
model describes both the time course data and the
results of the additional experiments.
Due to a nonlinear nature of the di↵erential equations
governing gene expression dynamics we suggest using
the latest generation of Bayessian inference based parameter estimation algorithm, namely Di↵erential Evolution Adaptive Metropolis (DREAM) software package [33]. It has been demonstrated that DREAM
outperforms similar software in nonlinear, multimodal,
and high dimensional problems [16].

uT

Measured levels
Linear approximation
Phenotyping results
Proposed sample
Proposed u T(S)

0
0

Condition level (S)

Sp Sm

Figure 3: Condition level e↵ect dependence modeling.
Sm measured condition level of the initial experiment,
Sp proposed condition level for gene expression
measurements based on phenotyping experiments.

3

Model Fitting

Guidelines for the additional experimentation proposed in the previous section illustrate ways for increasing model complexity and, thus, its descriptive and
predictive power. However, determining whether the
collected data is sufficient for a given model complexity
and combining various types of datasets to train the
model are not trivial tasks considering that each type of
experimentation has an associated measurement noise.
We propose parameter identifiability analysis as a
criteria for data sufficiency when scaling a model up and
Bayesian inference for model parameter optimization.

3.1

Parameter Estimation

4

Conclusion

In this paper, we presented a methodology for sequential increase in gene expression dynamic model
complexity by aggregating di↵erent types of experimental data. The methodology provides a flexible
framework for accumulating the existing knowledge of
a biological process of interest at the transcriptome
level and proposes efficient ways for expanding this
knowledge through additional experimentation. This
paper aims to facilitate modeling e↵orts in the studies
where time course experiments have been implemented
and the key regulatory connections have been identified.

Model Scalability Assessment

We require all parameters to be uniquely identifiable in the scaled up model representation to accept
it. A parameter is considered non-identifiable if any
deviation in its value produce an equally good model
fit through the corresponding adjustments in other
parameters. For example, any value of decay rate b
can be compensated with a corresponding value of the
transcription rate a in Equation (1) if xss is the only
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Gould, Balázs Fehér, Eva Kevei, Ferenc Nagy,
Matthew S Turner, Anthony Hall, and Andrew J
Millar. Experimental validation of a predicted
feedback loop in the multi-oscillator clock of
arabidopsis thaliana. Molecular systems biology,
2(1):59, 2006.
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